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The Relation of Equivalence  
Across Disciplinary Boundaries 

K P Mohanan  (26 September 2021)   

1. Introductory Remarks  
As in the case of some of my recent postings (on Facebook, Living in the World of 
Ideas, and Introduction to Research), what follows are my currents thoughts on what 
we ‘know’ (epistemology) about what we call ‘reality’ (ontology) across disciplinary 
boundaries (transdisciplinary concepts), which I believe are useful for both 
researchers and research students in all domains of knowledge. [That sentence 
summarizes my academic quest for more than a quarter of a century.]  
As the title this write up indicates, I seek to explore the transdisciplinary relation of 
equivalence here. To do this, however, I need to discuss three other 
transdisciplinary relations, namely, namely, compositionality, ordering and 
dependency, but my focus would be equivalence. And I will do this using three 
domains of academic knowledge, namely  

geometry as a representative of mathematics,  
anatomy as a representative of the sciences of life (biology), and  
the study of language structure as a representative of the sciences of mind.  

Let me begin with the structure of sentences and words, as every one reading this 
already knows a great deal about these two entities, or at least think they know. 
Here are two example of the relation of compositionality:  

Compositionality: examples from language structure  
1)  The sentence “That boy adores pretty girls” is composed of the words ‘that’, 

‘boy’, ‘adores’, ‘pretty’ and ‘girls’. 
2)  The word ‘adores’ is composed of ‘adore’ and ‘–s’; and the word ‘girls’ is 

composed of ‘girl’ and –s’.  
Here are two examples of the relation of ordering.  

Ordering: examples from language structure  
3)  In the sentence “That boy adores pretty girls”,  

‘that’ is ordered prior to ‘boy’,  
‘boy’ is ordered prior to ‘adores’,  
‘adores’ is ordered prior to ‘pretty, and  
‘pretty’ is ordered prior to ‘girls’.   

4)  In the words ‘adores’ and ‘girls’ 
‘adore’ is ordered prior to  ‘–s’; an 
‘girl’ is ordered prior to –s’.  

Here are two examples of dependency.   
Dependency: examples from language structure  
5) In the sentences “That boy adores pretty girls’ and “Those boys adore pretty 

girls’ the choice between ‘adore’ and ‘adores’, and the choice between ‘that’ and 
‘these’ depend on the choice between ‘boy’ and ‘boys’ .  

6) In the sentence “That boy adores himself”, the meaning of ‘himself’ depends on 
the meaning of ‘that boy’.   

And here are two examples of equivalence:  
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Equivalence: examples from language structure  
7) In the sentences “That boy adores pretty girls’ and “That boy adored pretty 

girls’  the role of ‘–s’ in ‘adores’ is equivalent to the role of ‘–d’ in ‘adored’.  
8) In the sentences “Boys adore pretty girls” and “Pretty girls are admired’ the 

semantic roles of ‘boys’ and ‘pretty girls’ are equivalent in that in both 
sentences, pretty girls are the victims of adoration, and ‘boys’ are the 
perpetrators of adoration.   

A word about the terminology across domains when referring to the relations of 
compositionality. We may express this relation as 

“X is composed of Y and Z”  (e.g., “The human arm is composed of the upper arm, 
lower arm, and hand; and the hand is composed of palm and fingers” )or  
“Y and Z make up X” (e.g. “The upper arm, the lower arm, and the hand make up 
the human arm; and the palm and fingers make up the hand’  

In what is called ‘Minimalist Syntax’ in language studies, the relation of  
compositionality is expressed in terms of the operation of ‘merge’: e.g., the palm and 
the fingers merge to form the hand; ‘pretty’ and ‘girls’ merge to form ‘pretty girls.’  
The terminological cacophony across disciplines and even within disciplines when 
talking about the equivalence relation is mind boggling. It is referred to by   

the terms transformation, alternation, allomorphy, and allophony in the study 
of language structure,  
equivalence, symmetry, transformation, homomorphy,  isomorphy, … in 
mathematics, 
homology, homoplasy, analogy, paralogy, orthology, xenalogy, allomorphy… in 
biology,   
architypes in Jungian psychology,  
metaphor and simile in literary studies,  
invariance and variability,  
Unity and diversity,  and  
Variations of the same tune    

To get a quick sense of what I am pointing to, it might be useful watch the first few 
minutes of the youtube video of my IISER Pune talk "Symmetry in Theoretical 
Linguistics" at  
https://www.youtube.com/watch?v=JxaGPdA8DIM . Skip the first 4 minutes and 50 
seconds, and watch the next 20 minutes.  

2. Equivalence in Geometry   
The best way to get a sense of the concept of equivalence is to 
begin with what is called transformation in Geometry, in 
particular,  the transformations called translation, rotation, 
and reflection (called rigid body transformations). Imagine a 
triangular paper cutout on a table top, say, close to corner A.  

 
  
 
Fig. 1 Translation 

If you move it to some other location, say to the middle or closer to corner B or C, the 
operation is called the transformation of translation. 
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Instead of thinking about translation as an operation that 
takes something as an input and yields something else as the 
output, we may think of it as a relation of equivalence 
between two entities. For instance, think of the triangle to 
the left of the arrow as triangle A and think of the other 
triangle as triangle B. If so, the relation between A and B can   

 
  
 
Fig. 2 Translation 
as a relation 

be thought of as the relation of translation.   
In the operation of translation, what remains unchanged is the shape-and-size of the 
triangle. What changes is its location: the triangle is displaced from one location to 
another. The transformation here is CHANGE OF LOCATION,  what is investigated as 
‘motion’ in classical mechanics.  
As in the case of translation, the transformation of rotation 
keeps the size and shape unchanged, but it changes the 
orientation.  Similar remarks apply to the other rigid body 
transformation, namely, reflection.   
Mathematicians use the term symmetry to denote what 

 
  
 
Fig. 3 Rotation 
as a relation 

remains constant under a transformation, or what remains unchanged in a 
change.  The way symmetry and transformation are conceptualised in figures 2 and 
3 (without the change metaphor of input-process-output) is as similarity and 
difference between the two triangles. They share the properties of size and shape, 
but their locations are different. Symmetry is equivalence.  
In the transformation of scaling (reduction, enlargement), 
the size/magnitude of the entity undergoes change 
(transformation) while its shape remains unchanged. The 
relation of symmetry (equivalence) between the two triangles 
in figure 4 is that of shape. 

 
  
 
Fig. 4 Scaling 

 
In topological transformations, even the shape can 
change. Here,triangles,  quadrilaterals, pentagons, circles, 
ellipses, and any closed curves are equivalent.  
“Topology is concerned with those properties of geometric figures 
that are invariant under continuous transformations. A continuous 

 
  
 
Fig. 5 Topological  
transformation 

transformation, also called a topological transformation or homeomorphism, is a one-to-one 
correspondence between the points of one figure and the points of another figure such that 
points that are arbitrarily close on one figure are transformed into points that are also 
arbitrarily close on the other figure. Figures that are related in this way are said to be 
topologically equivalent. If a figure is transformed into an equivalent figure by bending, 
stretching, etc., the change is a special type of topological transformation called a continuous 
deformation. Two figures (e.g, certain types of knots) may be topologically equivalent, 
however, without being changeable into one another by a continuous deformation. 

It is intuitively evident that all simple closed curves in the plane and all polygons are 
topologically equivalent to a circle; similarly, all closed cylinders, cones, convex polyhedra, 
and other simple closed surfaces are equivalent to a sphere. On the other hand, a closed 
surface such as a torus (doughnut) is not equivalent to a sphere, since no amount of bending 
or stretching will make it into a sphere, nor is a surface with a boundary equivalent to a 
sphere, e.g., a cylinder with an open top, which may be stretched into a disk (a circle plus its 
interior)”  [From “Topology: Continuous Transformations and Equivalent Figures” at 
https://www.infoplease.com/encyclopedia/science/math/basics/topology/continuous-
transformations-and-equivalent-figures  ]   
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Notice that the ‘parallelism’ in parallel lines in geometry is also a matter of 
equivalence. Imagine a straight line segment AB. Now translate it ( = move it, 
displace it) without rotating it. The outcome A’B’ is parallel to AB. Two straight line 
segments are parallel iff they are transforms in terms of translation without 
rotation, preserving orientation.  

3. Equivalence in Biology 
In biology, ‘transformations’ (differences’ between two species, between two organs, 
between two tissues, between two cells, and between two biomolecules ) come under 
the term biodiversity. Their similarities, as stated earlier, come under terms like 
homology, homoplasy, analogy, paralogy, orthology, xenalogy, and probably whole 
bunch of other names, but I am going to use the term homology as a cover term for 
all of them. [See the first para of https://en.wikipedia.org/wiki/Conserved_sequence ] 
Homology is equivalence. 

As the Wikipedia entry on homology in biology says: 

"Homology was noticed by Aristotle (c. 350 BC),and 
was explicitly analysed by Pierre Belon in his 1555 
Book of Birds, where he systematically compared the 
skeletons of birds and humans." 
https://en.wikipedia.org/wiki/Homology_(biology)  
To see what this means, consider the skeletal 
structure of humans and birds. It is obvious that 
their shapes are remarkably different, but what is 
interesting is that they share a three part structure: 
upper leg, lower leg, and foot.  

And that similarity is conserved across other vertebrates which have limbs: lizards, 
cows, elephants, bats and whales, including the wings of birds and bats.  
Now, the Wikipedia entry, like most biology textbooks, defines homology with an 
additional condition of shared ancestry” “ 
"“In biology, homology is similarity due to shared 
ancestry between a pair of structures or genes in 
different taxa. A common example of homologous 
structures is the forelimbs of vertebrates, where the 
wings of bats and birds, the arms of primates, the 
front flippers of whales and the forelegs of four-legged 
vertebrates like dogs and crocodiles are all derived 
from the same ancestral tetrapod structure. 
Evolutionary biology explains homologous structures 
adapted to different purposes as the result of descent 
with modification from a common ancestor.”  

 

(https://en.wikipedia.org/wiki/Homology_(biology))  
We are going to drop the condition on shared ancestry, our reason being: 

Similarities and differences between taxa  is what a theory of biology needs to 
explain, and  
shared ancestry (descent with modification) is one of the theoretical 
assumptions that evolutionary theory employs in order to explain the  
similarities across taxa, and hence 
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defining homology as similarities arising from shared ancestry is will make the 
theory hopelessly untestable, because the circularity robs the theory of any 
testable predictions.  

The examples of homology discussed above are at the organismic level 
(microbiology). Recent findings in molecular biology have also revealed homologies at 
the molecular level (microbiology). One of the famous examples is that of what are 
called ‘homeobox genes’ for eye development across vertebrates. There are also genes 
which are found across a wider range of taxa, e.g.,  cdc2 responsible for cell division, 
all the way from yeast to humans.  
Biodiversity is also called variations and variants in biology. For instance, 
consider the use of variations and variants at the level of biomolecules:    

“Variations in proteins have very large number of diverse effects affecting 
sequence, structure, stability, interactions, activity, abundance and other 
properties.” (“Types and Effects of Protein Variations” 
(https://pubmed.ncbi.nlm.nih.gov/25616435/)    

All of these come under symmetry (equivalences) and transformation (distinctions). 
For biology internal purposes, however, we may continue to refer to them as variants 
(transforms) of homologies (symmetries.)   
If we were to use the term ‘structure’ or ‘form’ to denote anatomy, and the term 
‘function’ such things as locomotion or respiration, then we may say equivalence is 
what two entities have in common, and transformation is what makes them distinct. 

4.Equivalence in Linguistics  
The most common example of the equivalence relation in linguistics is what linguists 
call transformation in the study sentence structure. Now, even though the terms 
‘Transformational Grammar’ (TG) and ‘Transformational Generative Grammar’ 
(TGG) are associated with Noam Chomsky, its origin came from Zellig Harris. 
I am indebted to John Goldsmith in pointing out this to me, and deepening my 
understanding in the course of our email exchanges during the last few days. But 
Goldsmith is not alone in recognising the lineage.  Chomsky himself acknowledges 
the Harris in Syntactic Structures. As the Britannica entry on Transformational 
Generative Grammar says, “ 

“The most significant development in linguistic theory and research in the 20th 
century was the rise of generative grammar, and, more especially, of 
transformational-generative grammar, or transformational grammar, as it came 
to be known. Two versions of transformational grammar were put forward in 
the mid-1950s, the first by Zellig S. Harris and the second by Noam Chomsky, 
his pupil. It was Chomsky’s system that attracted the most attention." 
(https://www.britannica.com/science/linguistics/Transformational-generative-
grammar )  

When discussing the concept of transformation in theoretical linguistics, especially 
in the context of transformations in mathematics and homologies in biology, it is 
important to separate the conceptual and the formal.   

Conceptual: the relation of equivalence (the transformational relation, so to 
speak) that exists between, say, the active and the passive, the 
cleft and the non-cleft, and so on, on the one hand, and  

Formal:  the formal devices  that express the equivalence relation, e.g.  



 6 

transformational rules in Aspects of the Theory of Syntax, the 
transformational rules in Relational Grammar, the 
transformational rules in Lexical Functional Grammar, and  
the transformational rules such as ‘move alpha’ in Minimalism.  

Without a clear understanding of the conceptual (i.e., the theoretical substance of 
the  formalisms) and the formal, the mere manipulation of the symbols, strings, and 
operations in the formalisms amount to pressing the buttons on a pocket calculator 
without understanding arithmetic operations (let alone number theory), or notation 
and terminology without either formal or conceptual understanding of the theory.   
In Harris 1957 (“Cooccurrence and Transformation in Linguistic Structure”, 
Language) transformation is an operation that takes one construction as its input, 
and yielding another construction as its output. For instance, consider the active and 
passive constructions, found repeatedly in many human languages:  

Passive Transformation 
 
Input:      passive    output 
active construction  rule    passive construction  
 
      Fig. 6 

As pointed out earlier, however, it is not necessary to conceptualise the relation 
between the two constructions in terms of a computational procedure, a  
production algorithm or a parsing algorithm. It can be formulated as a law that 
expresses a an equivalence relation between two constructions.  

     passive      
active     relation      passive      Fig. 7 
construction         construction   

If the active construction and the passive construction are equivalent, what is the 
dimension/axis along which they are equivalent? And along which dimensions are 
they distinct? This is the fundamental question we must answer. But we will do that 
after we cover Chomsky’s concept of transformational rules.   

In contrast to Harris, Chomsky 1957 (Syntactic Structures) conceptualises a 
transformational rule as an operation on strings, thereby obscuring the concept of 
construction in Harris. (Once again, I am grateful to Goldsmith for shedding light on 
the difference between Harris and Chomsky, to be discussed at length in the 
forthcoming second volume of Battle in Mind Fields  by Goldsmith and Laks)   
To understand this, it is important to understand the distinction between Phrase 
Structure Rules (PS Rules) and Transformational Rules (T Rules) in Syntactic 
Structures. A PS rule is an operation that takes a single symbol as its input and 
yields a string as its output. If we were to say,  

S à W (W) (W) …. (read: wherever you find the symbol S, replace it with the a 
string consisting of one or more W symbols, where S is Sentence and W is word)  

If we wish to categorise words into demonstrative (this, that, these, those), nouns, 
verbs, and adjectives and so on, we can ‘generate’ the structure of “That boy adores 
pretty girls” in terms of the PS rule 

S à Dem N V A N   
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The string to the right of the arrow specifies the ordering relation in terms of the left 
to right ordering on paper. If we wanted to make this explicit, we could use the 
symbol ‘>’ to express the ordering relation, and write:   

S à Dem > N > V>  A > N   
[Linguists do not propose rules that decompose the structure of a sentence directly in 
terms of words or categories of words, but that does not matter for our purposes.]  
This rule given above expresses the structure of the sentence “That boy adores pretty 
girls” in terms of category symbols. If we wished to use to express the structure of 
this sentence in terms of grammatical functions like subject, object, adjunct and 
predicate, we can write 

CLAUSE à SUBJ > PRED  > OBJ  
In languages like English, if the expressions before the predicate and after the 
predicate are exchanged, their meanings would be different. Thus 

Zeno admires Plato 
and 
Plato admires Zeno 

do not have the same meaning. In contrast, the same exchange in Malayalam 
preserves the meanings of admirer and admiree. To take, an example, consider the 
Malayalam sentences  

siino pleetoowine admair ceyyunnu  
and  

pleetoowine siino admair ceyyunnu 
In both, the admirer is Zeno and the admiree is Plato. The reason is that unlike 
what happens in English, the grammatical functions of subject and object are 
expressed in terms of case endings (pleetoo (nominative), pleetoowine (accusative) ) 
in Malayalam, and not in terms of word orer. This allows for the possibility of all the 
six possible word orders involving subject, predicate, and object that preserve the 
information on semantic roles.  

SUBJ OBJ PRED 
OBJ SUBJ PRED 
SUBJ PRED OBJ 
OBJ PRFED SUBJ 
PRED SUBJ OBJ 
PRED OBJ SUBK 

One way of capturing the preservation of the information on semantic roles is to not 
specify the ordering relation in the rule:  

The rule for clause structure in Malayalam  
CLAUSE à SUBJ , PRED  , OBJ  

The comma indicates that the rule does not encode the ordering relation. All that it 
encodes is compositionality. (But we need to make sure that the subject is 
nominative and the object is accusative.)     
Having discussed the relation of compositionality expressed in terms of PS rules in 
terms of categories and  their equivalents in terms of clause structure in terms of 
grammatical functions, let us turn to the equivalence relation, expressed in terms of 
transformational rules in Syntactic Structures. Consider us the pair “Zeno insulted 
Plato” and “Plato was insulted by Zeno” as an example. What they have in common, 
what remains the same in both, is that Zeno is the insulter (agent) and Plato is the 
insultee (victim) Without referring to the details of meaning (agent, causer, actor, 
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goal, beneficiary, experiencer, instrument, ..) we will refer to them as argument 1 
and argument 2, borrowing the terminology from predicate calculus.  
  argument-1  predicate   argument-2  
               figure 8 
  Zeno   insult   Plato  
This relation is the same in the two constructions,  while the subject-object relations 
as well as the relations of word order are distinct: 
 
   NP        V    NP  
 
  Subject   predicate   object 
 
  argument-1  predicate   argument-2  
                Fig. 9 
  Zeno   insult   Plato    Active  
 
 
   NP     aux     V   P NP  
 
  Subject   predicate   Adjunct 
 
  argument-2  predicate   argument-1  
                Fig. 10 
  Plato          was  insulted  by    Zeno.    Passive   
In Malayalam, word order does not encode the grammatical functions of subject and 
object, and hence while the active-passive equivalence has an effect on case endings, 
it does not affect word order.  On the basis of such diversity in the manifestation of 
the active-passive relations, Relational Grammar (RG) in the 1970’s set up a 
Universal Rule for the active-passive transformation across languages, in terms of 
grammatical functions instead of grammatical categories. We may state the rule as 
follows:  

Active construction   Passive construction 
SUBJECT   ,    OBJECT   ADJUNCT   ,    SUBJECT 
 
argument-1,   argument-2  argument-1 ,  argument-2 

In contrast, the transformational rule for active-passive in Syntactic Structures was 
on operation that replaces one string of grammatical categories with another string 
of grammatical categories,.  

Passive transformational rule in Syntactic Structures  
NP-1 > Verb > NP-2     ==>  NP-2 > was > Verb > by NP-1    

The double arrow in the rule indicates that it is a transformational rule, not a 
phrase structure rule. [This is not how the rule is actually formulated in Syntactic 
Structures. What I have done here is simply the rule for readers who are not familiar 
with linguistics while keeping to the spirit of rule as conceptualised in Syntactic 
Structures.]  
For our purposes, what is important is the point that while the transformational rule 
prior to RG was expressed in terms of grammatical categories and word order, and 
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hence applied only to English (and other English type languages), the rule in RG 
was expressed in terms of grammatical functions, and as a result, captured what is 
homologous in all human languages. This progress was obscured subsequently in 
Minimalist syntax through its attempts to use grammatical category structure to 
express information on grammatical functions.  
Now, unlike the equivalence relation between the active construction and the 
passive construction , the equivalence relation between cleft and non-cleft, between 
the declarative and interrogative and so on preserves not only the information along 
the dimension of argument structure, but also the pairing between arguments and 
grammatical functions. [In the Chomskian language, this translates as the outcome 
of NP-movement vs. Wh movement the details of which I will not go into these 
details here. In the language of RG and LFG, it translates as the distinction between 
the outcomes of function changing and function preserving  rules .]  
Once we understand that a transformational rule is way of expressing an 
equivalence relation,  it becomes clear that we need a transformational rule to 
express the equivalence between ‘–d and ‘‘–s in ‘adored’ and ‘adores’. These  ‘suffixes’ 
are both expressions of tense (homology / symmetry), but they differ in that one 
expresses the past tense while the other expresses the present tense.  
  TENSE [+PAST]  TENSE [–PAST] 
   
    ‘–d’       ‘–s’ 
Likewise, the phonological segment [ai] in the word divine [divain] and the 
phonological segment [i] in divinity [divinity]  are equivalent.  
Now, once we understand that the terms 

‘transformation’ in geometry,  
‘transformation’ in linguistics, and  
‘homology’ in biology  

refer to an equivalence relation, it becomes obvious that the [ai]-[i] alternation in 
divine and divinity in English is an equivalence relation. And if a transformational 
rule is one that expresses an equivalence relation, then it becomes equally obvious 
that the phonological rule that expresses the [ai]-[i] equivalence in Chomsky and 
Halle’s book The Sound Pattern of English in terms of a single arrow is a 
transformational rule, even though it does not replace one string by another string, 
and does not move something from one position to another.   
The nuts and bolts of formalism, notation, and terminology, of single arrow vs. 
double arrow, single symbols vs. strings, PS rules vs. T rules, merge vs. move alpha, 
constraints vs. rules, and rule ordering vs. constraint ranking are important only to 
the extent that they make testable predictions that allow us to explain 
asymmetries of observational generalisations such that we can choose one of these 
nuts and bolts over another. In the absence of such testable predictions, they are 
merely words like Yehweh, Jesus, Allah, and iiswar. They are marks of communal 
identities, with no consequence to linguistics as a form of scientific inquiry. As 
students and educators in science, we need to get rid of these cult symbols to 
progress from the age of blind faith to the age of reason.  
  


